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Abstract
In this work, vibration reduction in randomly forced systems is considered using a new vibration absorber setup. In the
new setup, the absorber consists of a mass spring and damper, and is attached such that it separates the primary system
from the fixed support. White noise excitation is assumed and the objective function is the mean square value of the
primary system response function. For given damping and mass ratios of the system, the optimal stiffness and damping
ratios of the absorber are determined. The optimal parameters are obtained in an analytical closed form when the
primary system is undamped, and calculated numerically for damped primary systems. It is shown that an optimal mass
ratio exists, unlike the case of classical absorbers where performance increases with increasing absorber mass. The
optimal parameters associated with the optimal mass ratio are calculated and tabulated for a range of primary system
damping ratios. The efficiency of the proposed absorber is discussed and compared to that of the classical absorber.
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1. Introduction
Vibration absorbers have always been used to suppress
the vibration of systems subjected to excitations. When
attached to a host system, this simple device can tre-
mendously reduce its vibration if properly designed. In
its simplest form, the vibration absorber is a single
degree of freedom system consisting of a mass spring
and a damper. The use of vibration absorbers was ﬁrst
patented by Frahm (1911). The ﬁrst analytical study of
a vibration absorber attached to a harmonically forced
primary system was conducted by Ormondroyd and
Den Hartog (1928). The optimal design of a damped
vibration absorber attached to an undamped primary
system was proposed by Den Hartog (1940). Brock
(1946) completed the design by calculating the optimal
damping ratio using a simple perturbation method.
This approximate optimal solution was achieved using
the invariant points method with the aim of minimizing
the peak of the system frequency response function.
Nishihara and Asami (2002) determined the exact opti-
mal parameters analytically by equally leveling the
peaks of the objective function. When damping is pre-
sent in the primary system, an analytical solution
cannot be achieved because the objective function
becomes too complicated and the optimal parameters
are calculated numerically as in Randall et al. (1981),
Soom and Lee (1983) and Pennestri (1998). The only
exception is found in Asami and Nishihara (2003) when
hysteretic damping is present in both the absorber and
primary system.
Random excitations such as wind gusts and traﬃc
loads on bridges are common types of forcing which
yield unwanted vibrations of buildings, structures and
bridges. When the primary system is subjected to
random or white noise excitations, the objective func-
tion becomes the mean square value of the primary
system response function. This is known as H2 opti-
mization and the objective function associated with
it was ﬁrst proposed by Crandall and Mark (1963).
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The optimal parameters of a damped vibration absor-
ber attached to a damped system subjected to white
noise excitations, were obtained in an analytical
closed form by Asami et al. (1991, 2002).
Vibration absorbers have been successfully used for
vibration suppression in beams, e.g. Cheung and Wong
(2008), the reader is referred to the references therein
for a more exhaustive coverage of this aspect of the
research. Furthermore, Bonsel et al. (2004) used a
linear absorber for vibration attenuation in a piecewise
linear beam system. Fey et al. (2010) used active control
to reduce vibration in the same piecewise beam system
and compared the results with those obtained by Bonsel
et al. (2004).
In the classical vibration absorber setup, the absor-
ber is attached to the vibrating primary system as
shown in Figure 1(a). Recently, Issa (2012) proposed
a new vibration absorber setup which is shown in
Figure 1(b). In the new setup, the absorber is placed
between the primary system and the supporting
ground. Issa (2012) presented a meticulous design pro-
cedure yielding the optimal parameters of this absorber
when the primary system is subjected to harmonic
ground motion. For a given mass ratio, the stiﬀness
ratio is carefully chosen and the damping ratio is
obtained analytically with the objective of minimizing
the peak of the primary system response function. In
this work, the primary system is assumed to be ran-
domly forced. The optimal parameters are determined
with the aim of minimizing the mean square value of the
primary system response function. In the next section the
objective function is derived in terms of dimensionless
parameters. The optimal parameters are determined
analytically in the third section for undamped primary
systems. In the fourth section, they are calculated
numerically for damped primary systems. Comparison
of the proposed and classical absorbers is done in the
ﬁfth section. Concluding remarks and directions for
future work are given in the last section.
2. The performance criterion
In the proposed absorber shown in Figure 1(b), the
primary system consists of a mass m1, spring k1 and a
viscous damper c1. The absorber with mass m2, spring
k2 and viscous damper c2, is placed between the pri-
mary system and the support. x1 and x2 denote the
displacements of the primary system and absorber,
respectively, and f(t) denotes the random force excita-
tion. The equations of motion of the system can be
written as follows
m1 €x1 þ c1ð _x1  _x2Þ þ k1ðx1  x2Þ ¼ f ðtÞ
m2 €x2 þ c1ð _x2  _x1Þ þ k1ðx2  x1Þ þ c2 _x2 þ k2x2 ¼ 0
ð1Þ
Let Sx1(!) and Sf (!) denote the mean square spectral
densities of the primary system response and the force
excitation, respectively. They are expressed in terms
of ! which is the variable of the Fourier transform
frequency domain. Given Sf (!), Sx1(!) is calculated as
follows: Sx1(!)¼kG1(!)k2Sf (!), where G1(!) is the
primary system response function. Let x21 be the mean
square value of the primary system response, it is deter-
mined as follows
x21 ¼
1
2
Z 1
1
kG1ð!Þk2Sf ð!Þ d! ¼ S0
2
Z 1
1
kG1ð!Þk2 d!
ð2Þ
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Figure 1. (a) Classical absorber setup and (b) proposed absorber setup.
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In equation (2) the force is considered to be a stationary
random excitation (white noise) and hence, its mean
square spectral density is constant, Sf (!)¼S0. The
norm of the primary system response function is calcu-
lated from equation (1) and takes the form
kG1ð!Þk2 ¼ a
2
1 þ a22
a23 þ a24 ð3Þ
where
a1 ¼ k1 þ k2 m2!2
a2 ¼ ! c1 þ c2ð Þ
a3 ¼ k1 m1!2
 
k2 m2!2
  !2 c1c2 þ k1m1ð Þ
a4 ¼ c1! k2 m1!2 m2!2
 þ c2! k1 m1!2 
The following dimensionless parameters are used
instead of the physical properties of the system. Let
¼m2/m1 and f ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2=k1
p
be the mass and stiﬀness
ratios of the system, respectively. Let  ¼ c1=ð2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1m1
p Þ
and  ¼ c2=ð2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1m1
p Þ denote the damping ratios of the
primary system and absorber, respectively, and let
s ¼ !=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1=m1
p
denotes the dimensionless frequency
ratio. In dimensionless form, the mean square value
of the primary system response is written as
I ¼ x
2
1k
2
1
S0!1
¼ 1
2
Z 1
1
kG1ðsÞk2 ds ð4Þ
In equation (4), !1 denotes the natural frequency of the
primary system, and G1(s) the dimensionless primary
system response function. kG1(s)k2 can be written in
terms of the dimensionless parameters as follows
kG1ðsÞk2 ¼
1þ f 2  s2 2þ4s2  þ ð Þ2
1 s2  f 2  s2  s2 1þ 4ð Þ 2
þ4s2  1 s2 þ  f 2  s2ð1þ Þ  2
 !
ð5Þ
In this work, the optimal parameters of the absorber
are determined with the aim of minimizing the objective
function I, which is the area under the kG1(s)k2 curve.
The integral in equation (4) is performed using the resi-
due theorem (Krantz, 1999) as follows
I ¼ 1
2
Z 1
1
kG1ðsÞk2 ds ¼ i
X
Res kG1ðsÞk2
  ð6Þ
where Res(kG1(s)k2), is the residue of kG1(s)k2 at its
poles located in the upper half of the complex plane.
The details of the derivation of the residue are omitted
to reduce verbosity. After simpliﬁcation, the objective
function I reduces to the following ratio of two
polynomials
I ¼ n1 þ n2 þ n3
d1 þ d2 ð7Þ
where
n1 ¼ 43f 2 þ 42ð1þ ð5þ Þ f 2 þ f 4Þ
n2 ¼ ðð1þ Þ2 þ ð3þ 2þ 4ð1þ Þ2Þ f 2 þ 3f 4 þ f 6Þ
n3 ¼ ð1þ 4ð1þ Þ2 þ ð3 2þ 2 þ 4ð5þ 4Þ2Þ f 2
þð3 2þ 4ð1þ Þ2Þ f 4 þ f 6Þ
d1 ¼ 4f 2 1þ 2þ 4ð1þ Þ2f 2 þ ð f 2  Þ2
 
d2 ¼ 4f 2 43 þ f 42 þ 2ð1þ 42ð1þ þ f 2ÞÞ
 
The optimal parameters in the case of the classical
vibration absorber are given in Asami et al. (2002).
Given the mass of the absorber, its optimal stiﬀness
and damping constants are determined for a range of
primary system damping ratios. It was shown that the
performance of the classical absorber increases with the
increasing of its mass. In this work, the same strategy is
followed, and the optimal stiﬀness and damping con-
stants are determined for a given absorber mass and
primary system damping ratio. In the next section,
the undamped primary system case is considered and
the optimal parameters are determined analytically.
3. Undamped primary system
When damping is not present in the primary system, i.e.
¼ 0, the objective function in equation (7) reduces to
I0 ¼
3 2þ 2  f 2 þ 3 2ð Þ f 4 þ 42f 2 þ f 6 þ 1
4f 2

ð8Þ
For a given mass ratio of the system , the optimal
stiﬀness ratio fopt and damping ratio opt are simply
the solution of the following system of equations
@I0
@ f
¼ 0
@I0
@
¼ 0
8><
>: ð9Þ
which, after simpliﬁcation reduces to
1 2f 6 þ f 4 2 3ð Þ ¼ 0
1þ f 6  4f 22 þ f 4 3 2ð Þ þ f 2 3 2þ 2  ¼ 0
ð10Þ
The ﬁrst equation in equation (10) does not depend on
. It is a third-order polynomial in f 2, the discriminant
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of which is equal to ¼108 4(2 3)3. It can be
easily shown that < 0 8> 0, and hence the third-
order equation has one real root and two complex con-
jugate roots. The real root is the square of the optimal
stiﬀness ratio fopt which is written as follows
fopt ¼ 1ﬃﬃﬃ
6
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2 3þ ﬃﬃﬃﬃv13p þ ﬃﬃﬃﬃv23p Þq ð11Þ
where
v1 ¼ 54þ ð2 3Þ3 þ 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6ð27þ 2ð2 9ÞÞ
p
v2 ¼ 54þ ð2 3Þ3  6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6ð27þ 2ð2 9ÞÞ
p
Then, the optimal damping ratio opt is determined
using the second equation of equation (10) and is writ-
ten as
opt ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f 6opt þ f 4opt 3 2ð Þ þ f 2opt 3 2þ 2ð Þ þ 1
4f 2opt
s
ð12Þ
Substituting opt into equation (8) yields the minimum
value of the objective function I0opt in terms of opt as
I0opt ¼ 2opt ð13Þ
The optimal stiﬀness and damping ratios are plotted in
Figures 2(a) and (b), respectively, for the range of mass
ratios ¼ [0, 5]. The ﬁgures clearly show that fopt
increases with increasing  whereas opt follows the
same trend as I0opt which is plotted in Figure 2(c). It is
important to note that I0opt has a minimum value, and
therefore an optimal mass ratio opt exists. Unlike the
case of the classical vibration absorber where its per-
formance increases with increasing .
The utmost optimal parameters of the absorber
associated with the optimal mass ratio opt are calcu-
lated from equation (10) and qI0/q¼ 0, i.e.
 f 2 1¼ 0, as follows
opt ¼ 2:0
fopt ¼ 1:0
opt ¼ 1:0
ð14Þ
It is important to note that in practice, it may, but also
may not, be feasible to realize an optimal mass ratio of
2. In Figure 3(a), G1(s) is plotted for ¼ 0.5, ¼ 0 and
three diﬀerent sets of (f, ) pairs. In cases I and II, the
parameters used are not the optimal ones resulting in
I0¼ 2.89 and I0¼ 2.46, respectively. In case III, G1(s) is
plotted using the optimal parameters yielding
I0opt¼ 2.34. Similarly, in Figure 3(b), G1(s) is plotted
for ¼ 1.0, where in case I and II, I0¼ 2.89 and
I0¼ 2.36, respectively. In case III, I0opt¼ 2.14 which is
associated with the optimal parameters. The same scen-
ario is repeated in Figure 3(c) for opt¼ 2.0 where two
nonoptimal cases are shown, namely cases I and II. The
optimal shape associated with case III corresponds to
0 1 2 3 4 5
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Figure 2. Plot of (a) the optimal stiffness ratio fopt, (b) the optimal damping ratio opt and (c) the objective function I0opt evaluated
using the optimal parameters.
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fopt¼ 1.0 and opt¼ 1.0, which results in the smallest
I0¼ 2.0 that can be achieved using this absorber. It is
noted from the plots that for the proposed absorber,
the static value of G1(s) is not ﬁxed and is equal to
G1(0)¼ 1þ 1/f 2. This was expected since the static
deﬂection of the primary system depends on the absor-
ber stiﬀness. Finally, the shapes of G1(s) associated with
the optimal parameters are shown in Figure 3(d) for
several mass ratios. The utmost optimal shape of
G1(s) is illustrated by the solid line curve whereas the
remaining optimal shapes are depicted by the dashed
line curves. In all the ﬁgures shown in Figure 3, case IV
depicts the case of an undamped system without an
absorber.
When the absorber mass is equal to zero, i.e. ¼ 0,
the absorber reduces to a resilient element comprised of
the spring k2 and damper c2 as shown in Figure 4.
The optimal parameters for this case are obtained by
substituting ¼ 0 into equations (11) and (12) which
results in fopt ¼ 1=
ﬃﬃﬃ
2
p
and opt ¼ 3
ﬃﬃﬃ
3
p
=4. These values
are shown in Figures 2(a) and (b) and correspond to the
leftmost points of the curves. The corresponding
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Figure 3. Plots of G1(s) using two nonoptimal pairs (f, ) in cases I and II, and (fopt, opt) in case III for (a) ¼ 0.5, (b) ¼ 1.0 and (c)
opt¼ 2.0. (d) Plots of G1(s) using the optimal parameters for several values of . Case IV represents the plot of G1(s) without an
absorber.
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optimal absorber stiﬀness and damping constants are
k2opt ¼ k1=2 and c2opt ¼ 3
ﬃﬃﬃ
3
p
=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1m1
p
, respectively. The
plot of G1(s) in its optimal shape when ¼ 0, is shown
in Figure 3(d).
4. Damped primary systems
4.1. Optimization methods
When damping is present in the primary system, the
objective function I which is given in equation (7) is a
function of , , f and . The expression of I is too
complicated and hence exact analytical optimization
cannot be achieved. Instead the optimal parameters are
calculated numerically. Two optimization problems are
solved, where in the ﬁrst problem, for a given  and ,
the optimal stiﬀness ratio fopt and damping ratio opt are
calculated such that I is minimized. In the second prob-
lem, the utmost optimal parameters namely, opt, fopt and
opt, are calculated numerically for a range of . The opti-
mal parameters are determined using two diﬀerent meth-
ods where in the ﬁrst, they are calculated using the
gradient-descent method. Then, they are obtained by sol-
ving the set of nonlinear equations resulting from taking
the derivative of I with respect to each decision variable.
The gradient-descent or steepest-descent method is a
ﬁrst-order optimization method. It searches for the
minimum of I starting from an initial guess and follow-
ing a path opposite to that of the gradient of I. The
vector gradients of I namely [qI/qf, qI/q] and [qI/q,
qI/qf, qI/q] are obtained in exact analytical form to
avoid misguiding the algorithm to the minimum of I.
To ensure convergence of the algorithm, the initial
guess should be carefully chosen. It is found using a
genetic algorithm approach (Goldberg, 1989) which
brings the initial guess to the vicinity of the solution
then, the gradient-descent algorithm zooms in to the
solution very quickly. The objective function I is a
well-behaved rational function and therefore, the gen-
etic algorithm will always bring the initial guess to the
basin of attraction of the solution. In the second
method, the optimal parameters are directly solved
from a system of equations, where given  and  the
optimal parameters fopt and opt are the solution of
@I=@ f ¼ 0
@I=@ ¼ 0

Grad ¼
@2I
@f 2
@2I
@f@
@2I
@@f
@2I
@2
2
664
3
775 ð15Þ
and, for a given , the optimal parameters opt, fopt and
opt are the solution of
@I=@ ¼ 0
@I=@ f ¼ 0
@I=@ ¼ 0
8<
: Grad ¼
@2I
@2
@2I
@@f
@2I
@@
@2I
@f@
@2I
@f 2
@2I
@f@
@2I
@@
@2I
@@f
@2I
@2
2
6666664
3
7777775
ð16Þ
The system of nonlinear equations in equations (15)
and (16) are solved using the Newton–Raphson
method. The corresponding gradients are calculated
analytically to avoid numerical errors resulting from
the use of numerically approximated gradients. The
expressions of the equations and gradients in equations
(15) and (16) are not written here, to reduce verbosity.
The optimal parameters which are given in the next
section were obtained using both methods and match
perfectly.
4.2. Optimal results and discussion
The ﬁrst optimization problem is solved using the fol-
lowing values of the primary system damping ratio
¼ 0.0,0.05,0.1,0.15,0.2. The mass ratio is varied from
0.0 to 6.0 with 0.01 increments and the corresponding
optimal parameters fopt and opt are calculated and
shown in Figures 5(a) and (b), respectively. The solu-
tions associated with ¼ 0.0 match those calculated
analytically in the previous section and plotted in
Figures 2(a) and (b). The objective function is evaluated
using the optimal parameters and is plotted in
Figure 6(a). The curves in Figure 6(a) pass through a
minimum associated with the optimal mass ratio opt,
except for the curve corresponding to ¼ 0.2 because in
this case opt> 6, and hence its minimum is not
depicted in the ﬁgure. The optimal mass ratio opt
was calculated numerically using both methods and is
tabulated along with the corresponding fopt and opt in
Table 1. Figure 6(a) clearly shows that the higher the
damping in the primary system the lower the Iopt for a
m1
x2
x1
f(t)
{ResilientElement
{PrimarySystem k1
k2c2
Figure 4. Proposed absorber setup with a zero absorber mass.
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Figure 5. Plots of the optimal parameters for ¼ 0.0,0.05,0.1,0.15 and 0.2. (a) Optimal stiffness ratio and (b) optimal damping ratio.
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Figure 6. (a) Plots of Iopt for ¼ 0.0,0.05,0.1,0.15 and 0.2. (b) Plots of the corresponding absorber efficiency.
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given . This does not necessarily mean that the absor-
ber is better suited to highly damped primary systems.
In fact, the eﬃciency of an absorber cannot be mea-
sured from the absolute value of Iopt at a given ,
instead it is measured from the degree to which I is
reduced from its original value Iw before the addition
of the absorber. The mean square value of the response
of a damped single-degree-of-freedom system is calcu-
lated as follows
Iw ¼ 1
2
Z 1
1
1
ð1 s2Þ2 þ ð2sÞ2 ds ¼
1
4
ð17Þ
Iw is calculated by performing the integral in equation
(17) using the residue theorem, where for a damped
single-degree-of-freedom system, the norm of the trans-
fer function G1(s) is kG1(s)k2¼ 1/((1 s2)2þ (2s)2).
Alternatively, the expression of Iw can be simply
obtained from I by letting either f or  on the limit to
tend towards inﬁnity. This stems from the fact that
when either the stiﬀness or damper of the absorber
are inﬁnitely large, the absorber becomes grounded
and the primary system becomes as if it is directly
attached to the ground.
Iw ¼ lim
f!þ1
I ¼ lim
!þ1
I ¼ 1
4
ð18Þ
When the primary system is undamped, i.e. ¼ 0, and
before the addition of the absorber, the function Iw is
inﬁnitely large since the primary system will experience
inﬁnitely large amplitudes close to its natural fre-
quency. Therefore, the addition of an absorber is
always beneﬁcial since it reduces Iw¼1 to some
ﬁnite value I which reaches a minimum value when
using the optimal parameters. When damping is present
in the primary system, Iw¼ 1/4 is ﬁnite and the eﬃ-
ciency of the absorber is measured from the degree to
which I is reduced from Iw. The absorber eﬃciency is
calculated from the equation 100 (Iw I)/Iw using the
optimal parameters and is plotted in Figure 6(b), except
for ¼ 0. Each curve is associated with a value of , and
has a maximum value which is the maximum absorber
eﬃciency associated with the optimal parameters. The
maximum eﬃciency of the absorber for a given  is
tabulated in Table 1. Now, it can be concluded from
the ﬁgure that the higher the damping in the primary
system the lower the absorber eﬃciency. For high
values of , the absorber becomes almost ineﬃcient.
For example, when ¼ 0.2 Iw¼ 1.25, and after the
addition of an absorber, it is reduced to Iopt¼ 1.23
for ¼ 1.0, Iopt¼ 1.216 for ¼ 2.0 and further reduced
to Iopt¼ 1.083 using opt¼ 9.629. This yields 1.6% eﬃ-
ciency for ¼ 1.0, 2.75% for ¼ 2.0 and 13.39% for
opt¼ 9.629. Therefore, this absorber is not recom-
mended for highly damped primary systems because
of its small eﬃciency and the large mass required to
reach optimum performance. Furthermore, when
damping in the primary system is even higher, the add-
ition of such absorber might become completely detri-
mental rendering it totally useless. For example, when
¼ 0.25 opt¼ 16.02 and its maximum eﬃciency is
6.66%. If 0<< 4.88, the resultant optimal stiﬀness
and damping ratios are inﬁnitely large which physically
means that the optimal solution is achieved by ground-
ing the absorber, i.e. completely removing it. Similarly,
when ¼ 0.3, opt¼ 29.52, the maximum eﬃciency is
2.86% and the absorber is useless in the range
0<< 11.07. Thus, in these cases the primary system
is better oﬀ without the absorber.
It is important to note the following feature of this
absorber, which is a result of the existence of an
Table 1. The utmost optimal parameters of the proposed absorber
 opt fopt opt Iopt Eff(%)  opt fopt opt Iopt Eff(%)
0.00 2.000 1.000 1.000 2.000 — 0.13 5.242 1.348 1.596 1.341 30.25
0.01 2.145 1.020 1.031 1.941 92.24 0.14 5.686 1.385 1.667 1.300 27.17
0.02 2.302 1.042 1.064 1.883 84.94 0.15 6.179 1.424 1.744 1.261 24.34
0.03 2.471 1.064 1.098 1.826 78.08 0.16 6.725 1.465 1.827 1.223 21.74
0.04 2.655 1.087 1.135 1.771 71.66 0.17 7.333 1.508 1.916 1.186 19.35
0.05 2.853 1.111 1.174 1.718 65.64 0.18 8.012 1.553 2.013 1.150 17.18
0.06 3.068 1.136 1.216 1.666 60.02 0.19 8.773 1.602 2.119 1.116 15.19
0.07 3.303 1.162 1.260 1.615 54.78 0.20 9.629 1.653 2.234 1.083 13.39
0.08 3.557 1.190 1.307 1.566 49.89 0.21 10.596 1.708 2.360 1.051 11.75
0.09 3.836 1.219 1.357 1.518 45.34 0.22 11.693 1.767 2.497 1.020 10.27
0.10 4.140 1.249 1.411 1.472 41.12 0.23 12.943 1.829 2.649 0.990 8.93
0.11 4.473 1.280 1.468 1.427 37.21 0.24 14.375 1.896 2.816 0.961 7.74
0.12 4.839 1.314 1.530 1.383 33.59 0.25 16.023 1.968 3.002 0.933 6.66
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optimal mass ratio. Since the eﬃciency of an absorber
exhibits a maximum, one should only use a value of 
in the range 0opt to reduce the absorber weight.
For example, when ¼ 0.05, opt¼ 2.853 and any value
of  in the range 0 2.853 yields an eﬃciency
between 55.5% and 65.64%. If a 50% eﬃciency is
soughtafter, it can be achieved using either ¼ 0.74
which is in the range 0 2.853 or ¼ 7.21 which
is higher than opt. Therefore, one would always ﬁnd a
suitable value of the mass ratio in the range
0opt yielding a lighter weight absorber.
The primary system response function G1(s) is
plotted in Figure 7(a) for several values of  using the
utmost optimal parameters from Table 1. The curves
show a trend where the area underneath them decreases
with increasing . In Figure 7(b), G1(s) is plotted with
and without absorber for ¼ 0.15 and 0.2. When the
absorber is attached, the utmost optimal parameters
are used to reach optimal performance. The ﬁgure
clearly indicates the small diﬀerence between the areas
under the G1(s) curves before and after the addition of
the absorber. This is a result of the low absorber eﬃ-
ciency which is equal to 24.34% for ¼ 0.15 and
13.39% for ¼ 0.2, as per Table 1.
5. Proposed versus classical absorber
It is well known that for the classical absorber, the
higher the absorber mass the better its performance
and hence an increase in its eﬃciency is achieved by
increasing its mass. This is not the case for the proposed
absorber where an optimal mass ratio exists. For both
types of absorbers, the higher the damping of the pri-
mary system the lower the absorber eﬃciency. It is
important to note a special feature of the proposed
absorber which stems from the fact that the primary
system is attached to it instead of having it attached
to the primary system. In some systems, when one
would fail to ﬁnd a good attachment location for the
classical absorber, the proposed absorber can be easily
installed by ﬁxing the primary system mount or base to
the absorber mass.
In terms of eﬃciencies, the undamped primary system
case, i.e. ¼ 0, is discussed ﬁrst. Since Iw¼1, the eﬃ-
ciencies of the absorbers are not properly deﬁned and
therefore, the absorbers are compared in terms of the
value of the objective function Iopt. For instance, the
proposed absorber reaches its maximum performance
for opt¼ 2.0 resulting in Iopt¼ 2.0. The same value of
Iopt¼ 2.0 can be achieved using the classical setup with
¼ 0.24. This scenario is depicted in Figure 8(a) where
G1(s) is plotted for both the proposed and classical
absorber cases. The performance of the classical absor-
ber can be further enhanced by increasing its mass, and
for example when it is 36.5% of the primary mass, Iopt is
further reduced 20% from Iopt¼ 2.0 to Iopt¼ 1.6. This
case is shown in Figure 8(b). Now, when ¼ 0.05,
opt¼ 2.853, the maximum eﬃciency of the proposed
absorber is 65.64% which can be achieved by a classical
absorber with 17.5% of the primary mass. This scenario
is shown in Figure 8(c) along with an improvement
using a classical absorber with 39% of the primary
mass, yielding an eﬃciency of 75%. Finally, for
¼ 0.1, opt¼ 4.14 resulting in an eﬃciency of 41.12%
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Figure 7. (a) Plots of G1(s) using the utmost optimal parameters and (b) plots of G1(s) before and after the addition of the absorber
for ¼ 0.15 and 0.2 using the utmost optimal parameters.
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and is attained using a classical absorber with 12.4% of
the primary mass.
The eﬃciency of the proposed absorber when the
mass ratio of the system is equal to zero, i.e. when
the absorber mass is equal to zero is depicted in
Figure 6(b) for ¼ 0. It is known that the classical
absorber eﬃciency is closely related to its mass and a
zero mass absorber yields zero eﬃciency. In Figure 9(a),
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0
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3
4(a) (b) (c)
G1(s)
μ= 2.0
s
Proposed absorber
Classical absorber
μ= 0.24
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0
1
2
3
4
G1(s)
μ= 2.853
s
Proposed absorber
Classical absorber
μ= 0.175
μ= 0.39
Figure 8. Plots of G1(s) of the proposed and classical absorbers (a) for ¼ 0.0 and for the same Iopt¼ 2.0. (b) for ¼ 0, Iopt¼ 2.0 for
the proposed and Iopt¼ 1.6 for the classical, (c) for ¼ 0.05, 65.64% efficiency for the proposed and the classical with 65.64% and 75%
efficiencies.
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Figure 9. (a) Plots of the mass ratio of the classical absorber resulting in the same proposed absorber efficiency with zero mass, for a
range of . (b) Plots of Iopt associated with the proposed absorber with zero mass for a range of .
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the mass ratio of the classical absorber setup yielding the
eﬃciency of the proposed absorber with zero mass is
plotted versus . For example, for undamped primary
systems (¼ 0.0), the proposed absorber with zero mass
yields Iopt¼ 2.598 which is achieved using a classical
absorber with ¼ 0.1435. When ¼ 0.04, Iopt¼ 2.3
(63.2% eﬃciency) for the proposed absorber with zero
mass or for the classical absorber with a mass ratio of
¼ 0.0943. Figure 9(a) shows that the higher the pri-
mary system damping the lower the classical absorber
mass needed to match the eﬃciency of the proposed
absorber with zero mass. The objective function corres-
ponding to the proposed absorber with zero mass is
plotted in Figure 9(b). Furthermore, it is interesting to
calculate the same mass ratio of the proposed and
classical setups yielding the same value of the objective
function Iopt (or the same eﬃciency). These mass ratios
are calculated and plotted in Figure 10(a) versus the
primary system damping ratio and, in Figure 10(b) the
corresponding Iopt is plotted. For example, when ¼ 0.0
the proposed and classical absorbers yields Iopt¼ 2.512
for the same mass ratio ¼ 0.1532. For ¼ 0.05, the
same Iopt¼ 2.197 (or 56.06% eﬃciency) can be achieved
using either absorber with a mass ratio of ¼ 0.087.
6. Conclusion
A new vibration absorber setup is proposed for vibra-
tion suppression in randomly forced systems. Assuming
white noise excitation, the optimal parameters are
obtained with the aim of minimizing the mean square
root of the primary system response. When the primary
system is undamped, given the mass ratio of the system,
the optimal stiﬀness ratio of the system and damping
ratio of the absorber are obtained in an analytical
closed form. For damped primary systems, the optimal
parameters are calculated numerically for a given mass
ratio and a given range of the primary system damping
ratio. It is shown that an optimal mass ratio exists for
this absorber setup. The utmost optimal parameters are
calculated and tabulated for a range of the primary
system damping ratio. When used, the utmost optimal
parameters result in an absorber with maximum eﬃ-
ciency. It is shown that, the eﬃciency of such an absor-
ber decreases and its optimal mass increases with
increasing primary system damping. Furthermore,
they will become completely ineﬃcient when the pri-
mary system damping is high. Therefore, these absor-
bers are not recommended for highly damped primary
systems.
When the excitation is in the form of a random base
excitation, G1(s) becomes the transfer function between
the primary system displacement and the ground
motion. When the primary system is damped, for a
given mass ratio, the resultant optimal stiﬀness and
damping ratios are equal to zero, i.e. fopt¼ 0 and
opt¼ 0. This physically means that for a given absorber
mass, the optimal setup is obtained by removing the
absorber stiﬀness and damping elements, to completely
isolate the primary system from the base excitation.
This trivial solution is not physically achievable because
some structure is needed to connect the primary system
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Figure 10. (a) Plots of the same mass ratio of the classical and proposed absorbers resulting in the same efficiency, for a range of .
(b) Plots of Iopt resulting from  obtained in (a) for the same range of .
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to the ground. If the stiﬀness ratio is given, the optimal
solution results in inﬁnite mass and damping ratios,
thus yielding an inﬁnitely large absorber mass.
Therefore, when the primary system is damped there
will be no optimal solution to the problem. In the
special case of an undamped primary system, i.e.
¼ 0, for a given stiﬀness ratio f, it is shown that the
optimal damping ratio is opt ¼ 0:5f
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f 2 þ 1
p
and
the resultant performance index Iopt ¼ f
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f 2 þ 1
p
becomes independent of the mass ratio .
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